TWISTED HOMOLOGY COBORDISM INVARIANTS OF KNOTS IN 

ASPHERICAL MANIFOLDS 
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^. Abstract. We fix a null- homologous, homotopically essential knot J in a 3-manifold with 

j^ ' PTFA fundamental group and study concordance of knots that are nomotopic to J. We 

construct an infinite family of knots that are characteristic to J, and then use L 2 -methods 

to show that they are not concordant to J. 

1. Introduction 
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Let M be a closed, irreducible, oriented, aspherical 3-manifold with poly-torsion-free- 
abelian (PTFA) fundamental group and let J be a null- homologous, homotopically essential 
knot (that is, J together with a tail to the base point of M represents a nontrivial class of 
7Ti(M)). A knot K in M is concordant to J if together J and K bound an annulus in M x I 
that intersects the boundary transversely. The aim of this paper is to fix a knot J and 
construct obstructions to a knot K being concordant to J using L 2 -methods first defined 
by T. Cochran, K. Orr, and P. Teichner in [5], and then used by J. C. Cha, T. Cochran, 
S. Friedl, S. Harvey, T. Kim, C. Leidy, K. Orr, and P. Teichner, to study concordance of 
knots and links in S 3 , and then to construct infinitely-many knots distinguished by these 
invariants. For more on manifolds with solvable fundamental group see [7J. 

Our concordance obstructions are von- Neumann /3-invariants of certain 3-manifolds M{K) 
with coefficients in groups reminiscent of the solvable quotients of 7Ti (M(K)) by its derived 

l/~j ■ series. The von-Neumann p-invariant, defined by J. Cheeger and M. Gromov in [3J, is an 

oriented homeomorphism invariant that associates a real number to any regular cover of 
a closed, oriented 3-manifold N. An important result of M. Ramachandran [16] is that if 
N bounds an oriented 4-manifold W, and if the coefficient system 7 : tti(N) -fionJV 
extends over ni(W), then this ^-invariant is equal to o~( 2 >(W, 7) — cr(W), where cr( 2 )(W, 7) 

/\ is the L 2 -signature of the intersection form on H2(W;U(A)) and aiW) is the ordinary 

signature. Given a knot K, the 3-manifold we use, M(K), is a variation on zero-surgery on 
Ek, the exterior of K in M. The coefficient systems we use arise from a choice of localiza- 
tion similar to the algebraic closure of groups defined by J. Levine in [11]. We note that 
Levine defined the algebraic closure in an attempt to distinguish links in S 3 . In fact, the 
algebraic closure of the fundamental group of the exterior of a knot in S s is Z, and therefore 
uninteresting. The idea that classical invariants for links in S 3 could be used to distinguish 
knots in non-simply connected manifolds is due to D. Miller. In p3] he extended Milnor's 
/x-invariants for links in 5" 3 to knots in Seifert fibered manifolds that are homotopic to the 
Seifert fiber, and used them to study such knots up to concordance. 

We associate to K the closed 3-manifold M(K) = Ek^Ej, called J -surgery on K, where 
8Ek is identified with dEj by /jk ~ Hj and Xk ~ Aj. We use this 3-manifold instead of 
0-surgery on Ex for two reasons. First, if K is concordant to J via an annulus C C M x I 
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2 PRUDENCE HECK 

and if Eq is the exterior of C then dEc — M(K). Second, if G = iri(M) then the inclusion 
of Ek into M induces an epimorphism 7^ : tt\{Ek) — > G, and our construction requires 
that there be an epimorphism ^p : wi (M(K)) —} G as well. If we used 0-surgery in place 
of M{K) then no such epimorphism exists. However, 711 (M(K)) is a pushout as in the 
following diagram, 

7n(T 2 ) -7n(£j) 




so the epimorphism ^p : 717 (M(K)) — > G is uniquely defined (in fact, this epimorphism 
factors through G *z G, so M(K) can be regarded as a space over G or G *z G). 

Let Q G be the category whose objects are group epimorphisms onto G, ja '■ A — > G, 
and whose morphisms / : 7a — > 75 are group homomorphisms over G. Following Levine's 
construction of algebraic closure JTT], we construct a localization on £ and use this to 
define for each object 7a of Q the rational G-local derived series, a normal series 

a > T7a > r( x )7A > ••• > r( n )7A > 

reminiscent of the derived series. This series is defined so that T7a = Ker(7A) and, in 
particular, so that 7a induces an epimorphism — ^ > G for all integers n. 

Theorem 1.0.1. Denote by Q. G the class of morphisms in Q G satisfying the following 
properties: 

(1) / : 7A —> JB is a morphism with A finitely generated and B finitely presented, 

(2) 1?7a and T'jp are finitely normally generated in A and B, respectively, 

(3) / induces a normal surjection T^a —> ^Jb> and 

(4) fi : Hi(A;Z[G]) — > Hi(B;Z[G}) is an isomorphism for i = 1 and an epimorphism 
for z = 2. 

There is a localization (E,p) on Q under which elements of Q become isomorphisms. 

This leads to the following injectivity result, a necessary result for our construction, 

— A 
Lemma 1.0.2. If f : 7a — > Jb is in Q G then f induces a monomorphism f : 



p(n) 



r( n )7A 

for all n. 
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The significance of the class ft G is that if K is concordant to J via an annulus C then the 
inclusion Ek — > Ec induces a homomorphism on fundamental groups that is a morphism 
in Q G . This observation together with the above lemma gives 

Theorem 1.0.3. Suppose that K and L are concordant knots and that G is PTFA. If 

p = vri(M(K)) and Q = m(M{L)), and if j% : A -»• - ri — for A G {P,Q}, then 

lH ra '7A 



p(M(K),jp) = p (M(Z/),7q 1 for all n, regarded as spaces over G or G *z G. 
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A knot K in M is J -characteristic if there is a continuous map a : M — > M such that 
a{K) = J and a{M — K) C M — J. Miller's aforementioned invariants [14j . which extend 
Milnor's /Z-invariants, obstruct a knot being J-characteristic in the case that J is the Seifert 
fiber of a (suitable) Seifert fibered 3-manifold. Closely following the construction of Harvey 
in |10] , we construct infinitely many knots that are J-characteristic but not concordant to 
J. Indeed, the L 2 -signatures of the knots constructed here form a dense subset of R. We 
reiterate these remarks in the following theorem. 

Theorem 1.0.4. Suppose that n € T^ n ' r fj—T^ n+l ' r yj bounds an embedded disk in M. There 
are knots K e such that if P = tt\ (M(J)) and Q e = tt\ (M(K e )) then 

(i) Each K e is J-characteristic, 
(ii) For each K e , p(M{K e )^ i Qi ) = p{M(J),*f p ) for i < n, and 

(iii) {p{M{K i ),i^ 1 )} is a dense subset o/R. 

The paper is organized as follows. In Section [2] we review some basic definitions from 
knot theory. We also show that the exteriors of the knots under consideration are Eilenberg- 
MacLane spaces. In Section [3] we introduce the category Q G , construct the rational G -local 
derived series, and prove the above injectivity lemma. Section U] is a review of L 2 -signatures 
necessary for our main results. In the first half of SectionOwe define J -surgery on a knot K 
and show that certain p-invariants of J-surgery are concordance invariants. In the second 
half of Section [5] we construct infinitely many non-concordant J-characteristic knots and 
distinguish them up to concordance via p- invariants of their J-surgeries. Finally, Section [6] 
is devoted to constructing the algebraic closure necessary for the results of Section El 

The results presented here constitute part of the author's Ph.D. thesis. She is especially 
thankful to her advisor, Kent Orr, for all of his support and guidance, and for many useful 
discussions on this work. 

2. Preliminaries 

Henceforth we work in the smooth category and only consider null-homologous knots in 
closed, oriented, irreducible, aspherical manifolds that, when based, represent a homotopy 
class of infinite order. However, many of the definitions in this chapter extend to null- 
homologous knots in orientable 3-manifolds. Recommended references are [9], [15], and |19] , 

A knot K in a 3-manifold M is an oriented one-dimensional closed submanifold. We will 
assume that M has base point p E M and that K does not contain p. We also assume that 
K is based via an embedded path to p, although the choice of path will not matter for the 
results of this paper. The exterior of K is the complement of an open normal neighborhood 
of K, Ek = M — N(K), based at p. Note that the inclusion ix '■ Ek ^-> M induces an 
epimorphism jk : tti(Ek,p) — > ni(M,p). We denote the fundamental group of Ek by itk 
and the fundamental group of M by G. 

A meridian pk of K is an embedded curve in 8Ek that represents a primitive element 
of Hi(8Ek) and bounds a disk in N(K). It is uniquely determined up to isotopy in 8Ek- 
We will abuse notation by letting pk denote the curve in M, its isotopy class in 8Ek, its 
homology class in Hi(Ek), and its homotopy class in ttk, where in the last case we regard 
Pk as being based via the path basing K. 
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If K is a null-homologous knot in M then it can be shown that 

Ker{fri(£?A-) #i(M)} =* Z, 

generated by fix- If £ is another null- homologous knot in M that is disjoint from K then 

[L] = n\x K € Kerlffi^A-) #i(M)} 

for some unique n. Define the linking number of if and L by lk(K, L) = n. An embedded 
curve Xk in 8Ek is a longitude of if if it represents a nontrivial element of H\{8Ek) and 
lk(K, Xk) = 0. A longitude always exists (for null-homologous knots) and is unique up to 
isotopy in dEx- 

A choice of meridian fix and longitude Xk determines, up to isotopy, a framing of K 

t K : S l x D 2 N(K) 

by tx({l} x dD 2 ) = hk and tjciS 1 x {1}) = Xk- Since M is oriented, we regard S 1 x D 2 
as having a fixed orientation and require that tx be orientation-preserving. We call (the 
isotopy class of) tx the canonical framing determined by \xk and Ax- 

A knot K in M is L- characteristic if there is a continuous map a : M — > M such that 
a(K) = L and a(M - K ) C M - L. 

Two knots if and L are said to be concordant if there is an oriented submanifold C of 
M x I that is homeomorphic to S 1 x I, meets the boundary of M x I transversely with 
Cn(M x {0}) = L x {0} and C*n(Mx {1}) = K x {1}, and such that the orientations of 
L x {0} and K x {1} agree with the orientations induced by C. 

If K and L are concordant then we can always choose C to be disjoint from {p} x I. We 
call Eq = M x I — N(C) the exterior of C in M x /, where N{C) is an open normal neigh- 
borhood of C that is disjoint from {p} x I. The path p(t) := p x t induces an isomorphism 
p* : 7ti(Ec,p x 1) — > tti(Ec,p x 0) by p*(/) = p * / * p _1 (where we read concatenation of 
paths from left to right). We therefore write 7Ti(Ec,p x 1) = tti(Ec,p x 0) and denote both 
of these groups by ttq- 

If C is a concordance between K and L then the inclusions ll : El '—} Eq and lk '■ 
Ek "—} Eq induce homomorphisms ll '■ ttl — > ^c and lk '■ ^k — > ^c-, respectively, and the 
inclusion %c '■ Eq ^-> M x I induces an epimorphism 7c : ttq — > G = 7Ti(M) such that the 
following diagram commutes 
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Proposition 2.0.5. Let C be a concordance between two knots K and L. Then the inclu- 
sions ll '■ El ^ Eq and lk '■ Ek ^-> Eq induce isomorphisms on ii*(— ;Z[G]). 

Proof. It is enough to prove the result for K. Choose a path from p x 1 to K ; this will 
induce coefficient systems on OEk and dEc- The inclusion lk '■ Ek — > Eq induces the 
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following diagram of Mayer- Vietoris sequences: 

H n+l (M; Z[G\) H n (dE K - Z[G\) 



H n+1 (MxI;Z[G}) 



+ H n (dE c ;Z[G]) 



H n (E K ; Z[G]) © H n (N(K)Z[G\) 



H n (M;Z[G}) 



^H n (MxI;Z[G]) 



H n (E c ;Z[G])®H n (N(C);Z[G}) 

Since M is aspherical and G is the fundamental group of M, 

H n+1 (M; 1[G\) = H n (M; 1[G\) = H n+1 (M x I; Z[G}) = H n {M x I; Z[G\) = 

for n > 0. The inclusions 8Ek '—> 9Eq and N(K) '—> N(C) are homotopy equivalences, as 
are their lifts to the G-cover, and therefore induce isomorphisms on H n (— ; Z[G]). It follows 
from a diagram chase that (lk)* '■ H n (Ex',Z[G]) — > H n (Ec',Z[G]) is an isomorphism for 
all n > 0. For n = 0, the G-covers of Ek and Eq are connected since the coefficient 
systems jk '■ ^K — > G and 7c : ttq — > G, respectively, are epimorphisms. Hence, (ix)* : 
//o (-E"A"J Z[G]) — > Hq (Ec\ Z[G\) is an isomorphism as well. □ 

Proposition 2.0.6. If K is a null-homologous knot in M that, when based, represents a 
homotopy class of infinite order then 

(1) Ek is an Eilenberg-MacLane space, 

(2) The inclusion dEx ^ Ek induces isomorphisms 

Hi(dE K ;Z[G\) =* Hi(E K ;Z[G\) 

for all i > 1, 

(3) Hi(E K ; Z[G\) = for alii > 2 and 



#i(d£*;Z[G])^ffi (ma-; 



© o Z 



G 

WW 

as a Z[G]-module, where [K]Z C G is the infinite cyclic subgroup generated by [K] 

G 

and - — — is the set of riqht cosets of \K\Z in G. 
[K]Z 

Proof. (1) The universal cover of Ek is a simply connected 3-manifold with boundary 
and therefore has trivial homology in all dimensions greater than two. We will show that 
^(Ek) = 0, implying that the second homotopy group of the universal cover of Ek is 
trivial. Statement (1) then follows from Hopf's Theorem. 

Suppose that is?.{Ek) 7^ 0. By the Sphere Theorem there is an embedded sphere S in 
Ek representing a nonzero homotopy class of Ek- Then S is a sphere in M and, since M is 
irreducible, S bounds an embedded ball B C M. If K were contained in B then [K] would 
not represent an element of infinite order in 7Ti(M). It follows that B C Ek, and therefore 
that n 2 (E K ) = 0. 
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(2) From the Z[G]-coefficient Mayer- Vietoris sequence 

H n (E K -Z[G\) 

H n+1 {M;Z[G}) >H n (dE K ;Z[G\) © *H n {M;Z[G}) 

H n (N(K);Z[G\) 

it follows that 

H t (dE K ; 1[G\) = Hi (E K ;Z[G\) © H t (N(K); Z[G]) 

for all i > 1. As [K] is of infinite order in G, Hi(N(K);Z[G}) = for i > 1. Hence, 
the inclusion dEx *^-> -Ex induces an isomorphism iJj (8Ek', %[(*]) — Hi (Ek',Z[G\) for all 
i > 1. 

(3) Since [X] is of infinite order in G, 

G 



H^dEK-ZlG^^HilfiK; 



[K\: 



G 

for all i > 0, where [-K"]Z is the infinite cyclic subgroup of G generated by [K] and is 

\K\£i 

the set of right cosets of \K\L. The coefficient system on /x^ is trivial because the image 
of ixk in G is trivial. Hence, as a ZfGl-module this equals zero if i > 1 and ©_s_ Z if 

T77]z 
1 = 1. □ 

3. Characteristic series and an injectivity lemma 
3.1. Rational G-derived series. 

Definition 3.1.1. For a fixed group G, define the category of groups over G, denoted Q , 
to be the category whose objects are surjective homomorphisms of groups 7^4 : A — > G and 
whose morphisms are homomorphisms of groups f : A —> B making the following diagram 
commute. 

A ^B 

Notice that if G = {e} we recover the category of groups. 
Definition 3.1.2. For any object 7^ of Q , we define 

r7^ = Ker {7^} . 
Definition 3.1.3. Define the rational G-derived series of an object 7^4 of Q by 

ifV := T 7A and T r n+1 ^A := Ker {v^ lA -> (T r n ^ A )ab ® z q} , 




where (r}- 7,4)06 is the abelianization of T r n 7a- 

(n) 

Lemma 3.1.4. Each T r ^a i> 
(Tja) is contained in T r n ' 1A- 



(n) 

Lemma 3.1.4. Each T r ^a is a normal subgroup of A, and the commutator subgroup 
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Proof. Fr ja is clearly normal in A. Suppose by induction that If 7^4 is normal in A and 
choose a E If 7a and g £ A As r^ 7A is normal, g~ 1 ag € rf n ' 7,4. Also, a € If ^7^4 
implies that there is an integer m such that 

a m G[r("V,r<S]. 

Since (g~ l ag) m = g~ 1 a m g, it follows that g~ l ag is in the kernel of 

if°7A — *(r£ n) 7>i) ®zQ • 

Hence, If 7^4 is normal in A. 

For the second statement, (Tja) ' = Fja = Tf ia- If (I^ta) C Tf™ 7^4 then 



{T lA ) {n+1) =\(T lA ) {n \(T"i A ) {n) 



C 



^(n) -n( n ) 



^ -p(n+l) 

C Tf ; 7a. 



□ 



Example 3.1.5. Consider the following short exact sequence 

>■ F 2 — *->■ FxZ -^ — *- 0, 

where -F is the free group on two generators x and y, Z is generated by t, and F2 is the 
commutator subgroup of F. Define 1 : F 2 — > F x Z by t([x,y] u ) = [a^yj^i -1 for any word 
u £ F x Z, Then T7 = F 2 is the free group on infinitely many generators and, because the 

(p )( n ) 

quotients of the commutator series -, — -r- are Z-torsion free for all n, If'7 = (F 2 p n '. 

(F 2 )( n+1 ) 

F 

One can show that — is the fundamental group of the Heisenberg manifold, a circle bundle 

F3 
over the torus, and that F x Z is the fundamental group of the complement of a fiber in 

this manifold. 

Lemma 3.1.6. If f : 7^4 — >■ 7b is a morphism in Q then f I Tf 7,4 I C If 7b /or 0// n. 



Proof. The proof is by induction on n. First note that / I Tf 7^4 I C Tf. 7b because / is a 

morphism in Q G . Suppose that / f If' 7,4 J C r r n jb and let a G Tf™ 7^. By the definition 

of If 7A there is some m£Z such that a m € [If 7,4, Tf 7a]- Hence, f(a) m = f{a m ) is 
in [Tf 7b, If 7b], and it follows that f{a) G Tf n 7b- □ 

Definition 3.1.7. A group G is poly-torsion- free abelian (PTFA) if it admits a normal 

series 

G = Go t> G\ > • • • D> G n = {e} 

G 
for some n G N with — — torsion-free abelian for all i < n. 

Gi+i 

Remark 3.1.8. 

(1) Any torsion-free abelian group is PTFA. 

(2) If G is PTFA then it has no element of finite order. 
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(3) If — > N — > P — > Q — > is a short exact sequence with N torsion-free abelian and 
Q PTFA then P is PTFA. 

(4) Any subgroup of a PTFA group is PTFA. 

Lemma 3.1.9. If G is PTFA then so is —rs — for all n. 

-p( n ) 

A A 

Proof. If G is PTFA then so is —ttt — = G. Suppose by induction that — ^ — is PTFA 

r[ 0) 7A ' rr 1A 



and consider the following short exact sequence 



ri n \ A a a 

^^ -u,^ Z7^~ 0. 

■ r "1A 



1 r 1A L r 1A L r 1A 



■p( n ) 4 

The kernel , , — is torsion-free abelian by construction. Hence, -. . — is PTFA by 

rf 71+1 1 -i-i(7lH-l ) 

r 1A Tf ; 7A 

(3) of Remark [3XHJ D 

3.2. The rational G-local derived series. We now construct the rational G-local derived 
series and obtain our injectivity lemma, Lemma 13.2.81 The proof of Theorem 13. 2. 4[ which 
asserts the existence of a localization on Q G , can be found in Section [6J 

Definition 3.2.1. Denote by $7 the class of morphisms in Q satisfying the following 
properties: 

(1) / : ja — ► 7b is a morphism with A finitely generated and B finitely presented, 

(2) T^a and T^b are finitely normally generated in A and B, respectively, 

(3) / induces a normal surjection T^a — > ^1b, and 

(4) fi : Hi(A;1i[G]) — >■ Hi(B; Z[G]) is an isomorphism for i = 1 and an epimorphism for 
i = 2. 

Definition 3.2.2. An object jx £ ^ G is called Qp -local if for any morphism 7^ -^ 1b 
in Qp and any morphism 7a — > jx, there is a unique morphism 75 — > jx making the 
following diagram commute: 

A *B 



X 

Definition 3.2.3. A localization is a pair (E,p), where E : Q —> Q is a functor and 
p : idgG — > E is a natural transformation such that for any morphism 7^ — > ^x into a local 
object 7x there is a unique morphism -E(7a) ~ ^ 1x making the following diagram commute, 



A > E(A) 



X 



where -^(7,4) : E{A) — > G. To be consistent with the notation of Q G we write 7e(A) f° r 
E(ja) from now on. 
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Theorem 3.2.4. There is a localization (E,p) on Q under which elements of Q become 
isomorphisms. 

Proof. The proof can be found in Section [6j □ 

Definition 3.2.5. Recall from Definition 13.1.21 that T^a = Ker{ 7j 4}. Define the rational 
G-local derived series of an object ja in Q G by 

r (0) 7A . = TlA 

and 

rW 7A := Ker L^ E{A) \ 

For 7,4 : A — > G this defines a normal series 

A > T-f A > r(^7A > 



A n ) ' I 



lE{A) 

> rW 7j4 > 



Lemma 3.2.6. // G zs PTK4 tfien so is 



A 



r (n) 



7A 



/or a// n. 



Proof. Each r'"^^ is normal as, by definition, it is the kernel of a homomorphism on A. 



By construction, the homomorphism A 



E{A) 

F r 1E{A) 



induces a monomorphism 



Suppose that G is PTFA. Then 



r( n )7A 

E(A) 

-n(n) 

1 '• 7£(A) 



r (n) 



lE{A) 



is PTFA by Lemma 13.1.91 and, because the class 



of PTFA groups is closed under subgroups (as noted in (4) of Remark l3.1.8p . it follows that 

A 

—r-, — is PTFA . □ 

Lemma 3.2.7. /// : ja — > 75 is a morphism in Q then, for all n, f(F^ n 'jA) C F^'jb- 
Proof. The morphism E(f) : 'Je(A) ~~* 1e(B) induces a homomorphism 

E(A) E(B) 



E{f): 



Fr 1E{A) 



■n(n) 

Fr 1E(B) 



for all n by Lemma 13.1.61 We therefore have the following commutative diagram: 

/ 



A 



E(A) 



E(f) 



B 



E(B) 



E(A) eU) E{B) 



L r lE{A) 



■n( n ) 

1 r lE(B) 



By definition, F^'ja and F^'jb are the respective kernels of the (composite) vertical 
homomorphisms. It follows from a simple diagram chase that f(F^ n '^/A) C F^'jb- D 
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A 



Lemma 3.2.8. If f : 7^ — >■ 75 zs in Q G then f induces a monomorphism f : 



r( n )7 A 

for all n. 



r»7 B 

Proof. By Lemma 13.2,71 we have the following commutative diagram: 

A J ^ B 

r( n ) 7A * r( n )7B 



E{A) eU) E(B) 

-n(n) *" T-i(n) 

U 7£(A) U 7£(B) 

The vertical maps are monomorphisms because I^t^ and r( n )7g are defined to be the 
kernels of A -> . , - and B -> , } , respectively. Also, E(f) : E(A) -> E(B) 

T (n) lE{A) ^ {n) lE{B) 

is an isomorphism since / is in J7 G . The bottom map is therefore an isomorphism, and it 
follows that / is a monomorphism. □ 

4. Review of L 2 -methods 

In this section we review L 2 -signatures and the Cheeger-Gromov /3-invariant. Most of 
the section closely follows [5] , [12] , and [18] . Other recommended references are [8] and [T7] . 

In this section, and only this section, we use G to denote an arbitrary group. In the next 

section we will be interested in L 2 -signatures of operators in Herm n ( 14 ( =^ — J J for an 
object j a £ Q G ■ 

Recall that a complex vector space with inner product is a Hilbert space if it is complete 
with respect to the norm induced by the inner product. For a countable discrete group 
G, 1 2 {G) is the Hilbert space of all square-summable formal sums over G with complex 
coefficients. An element of l 2 (G) is of the form 

J2 Z 99 

geG 

with z g € C and YlqeG \ z g\ 2 < °°- The mner product on l 2 (G) is given by 

\geG geG I geG 

The group G acts isometrically on l 2 (G) on the left by multiplication, 

h ■ Yl z a9 = Yl z 9 h 9- 

geG geG 

Right multiplication induces an embedding of CG into B(l 2 (G)), the space of bounded 
operators on l 2 (G). The group von Neumann algebra M(G) of G is the algebra of left G- 
equivariant bounded operators on 1 2 {G). In particular, CG is a subalgebra of M{G). The 
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von Neumann trace trQ : N{G) — > C is defined by 

tro(f) = (f(e),e)p(G) 

where e is the identity element in G. The trace is symmetric in that tr G (fh) = tr G (hf), 
and if tr G (f*f) = then / = 0. Extend tr G to n x n-matrices over Af(G) by 

n 

tr G {(f ij )l J=1 )=J2tr G (fu) 

far(/y)? J - =1 eM n ( < AT(G)). 

Definition 4.0.9. Let U{G) denote the algebra of operators affiliated to M{G). An element 
/ € U{G) is a possibly unbounded operator on l 2 (G) satisfying the following conditions: 

(1) The domain of /, dom(f), is dense in l 2 (G), 

(2) The graph of / is closed in 1 2 {G) x l 2 (G), and 

(3) For every g G M{G)' = {g G B(l 2 (G))\gm = mg for all m G M(G)}, 

dom(gf) C dom(fg) 
and gf = fg on dom(gf). 

The set U{G) is a *-algebra that contains M{G) as a subalgebra and a von Neumann 
regular ring (i.e. it contains "weak inverses"). Moreover, it is canonically isomorphic to 
the classical right ring of fractions of M{G) with respect to all non-zero divisors. Let 
Herm n (U(G)) denote the set of self-adjoint n x n-matrices with coefficients in U{G). Any 
matrix M £ Herm n (U(G)) is a self-adjoint (unbounded) operator on l 2 {G) n . The char- 
acteristic functions p + and p- onto the positive and negative spectrum, respectively, are 
bounded Borel functions. Hence, the functional calculus for unbounded self-adjoint opera- 
tors and bounded Borel functions defines bounded operators p+(M) and p_(M) on l 2 (G) n . 
That is, p+(M) and p_(M) are elements of M n {J\f(G)). 

Definition 4.0.10. Define the L 2 -signature of M G Herm n (U(G)) by 

4 2) (M) := tr G (p+(M)) - tr G (p-(M)). 

The real number a G (M) only depends on the G-isometry class of M [5] . 

The next definition makes use of the fact that U{G) is a von Neumann regular ring 
because then every finitely presented ^(G)-module is projective [18J. 

Definition 4.0.11. Let W be an oriented 4-manifold with coefficient system 7^ : tti(W) — >■ 
G. The intersection form 

h lw : H 2 (W;U(G)) H 2 (W,dW;U(G)) — ^ 



H 2 (W;U(G)) ^-^ Hom w(G) (H 2 (W;U(G)) ,U(G)) 
is an element of Herm n (U(G)) and the L 2 -signature ofW is defined by 

a( 2 Hw, lw ):=aP(h, M ). 
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Cheeger and Gromov denned the von Neumann p-invariant, an oriented homeomorphism 
invariant of regular covers of 3-manifolds [3] . If M is a 3- manifold and "Jm '■ tti (M) — > G 
is a coefficient system then p(M,'Jm) is a rea l number. The following theorem is due to 
Ramachandran [16] (see also [13]). Recall that in this section we use G to denote an arbitrary 
group. 

Theorem 4.0.12. If W is a compact, oriented ^-manifold such that M = dW and if 
1m '■ vti(M) — > G extends to yyy '■ n±(W) — > G then 

p(M, lM ) = aM(W nw ) - a(W), 

where o~(W) is the ordinary signature ofW. 

This next theorem is a collection of results from and consequences of Chapter 5 of [5]. 
We note that (2) is essentially Atiyah's L 2 -Index Theorem. 

Theorem 4.0.13. Let o~(W) denote the ordinary signature of a compact orientable 4~ 
manifold W . The L 2 -signature has the following properties: 

(1) If W is the boundary of a 5- dimensional manifold (with homomorphism extending 
jw) or if G is PTFA and 

H 2 (W- Q[G\) -> H 2 (W, 3W- Q[G}) 

is zero then <j( 2 '(W, jw) = 0. 

(2) If W is closed or if jw is trivial then a^ 2 >(W, j\y) = cr(W). 

(3) If (W, 7vk) and (W,^^) have the same boundary M and if "fw agrees with 7^ on 
M then 

a®(W U M W, 1w U 1w ) = aW(W, lw ) + ^ 2 \w, lw ). 

(4) Ifi : G — )• H is a monomorphism then o~( 2 '(W, jw) = a^ 2 '(W, iojw) and p(M, jm) = 
p(M,ioj M ). 

(5) If (M, jm) and (M, 7^) are closed 3-manifolds then p{M \J M, jm \J 7m) = p(M, 7m)+ 
p(M,7m)- 

5. j-surgery and analytic invariants 

5.1. J-surgery. Let K be a knot in M and suppose that K is concordant to J via a 
concordance C. We assume that K and J are based and have the canonical framing. Then 

8E C = E K U T 2 x / U -Ej 

where T 2 x {0} is identified with dEj, T 2 x {1} is identified with dEx, and — Ej denotes 
Ej with the reverse orientation. 

Definition 5.1.1. For any knot K define J-surgery on K to be the closed 3-manifold 

M(K) := E K U -Ej, 

where pk ~ P~j an d \k ~ Aj. If K is concordant to J then M(K) is homeomorphic to 
the boundary of the concordance. 
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Definition 5.1.2. We denote m (M(K)) by P and define an epimorphism jp : P — > G*zG 
or G as follows: P is a pushout and admits unique epimorphisms to G *z G and G making 
the following diagram commute, 



TTR 




where the homomorphism jk '■ ^K -^- G *z G (or jj : ttj — > G *z G) maps to the first 
(respectively second) copy of G, and the epimorphism 7^ : ttk — > G (or 7j : irj — > G) is 
induced by the inclusion of Ek (respectively Ej) into M. We denote both P — >■ G*zG and 
P -)• G by 7P . 



Definition 5.1.3. Let 7^ : P 



p(n) 



7 p 



be the canonical epimorphism and define 



Pn (M(K)):=p(M(K),7 P ). 



Definition 5.1.4. For a concordance C = S 1 x I between two knots K and L let 



JV = £ c U T 2 x7 -(£j x J) 



where dEj x I = T 2 x I is induced by the canonical framing of dEj, dEc — T 2 x I has 
the framing induced from dEx (which agrees with that induced by 6El), and Ec is glued 
to Ej x I by <9£j x I ^ T 2 x I ^ <9£ c . 



Remark 5.1.5. TV is a compact 4-manifold and 



dN = M(K)]_~[-M(L). 



1-1 
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If 7Ttv = TTi(JV) then ttn is a pushout such that the following diagram commutes: 
n *-7rj 




In this diagram P = 717 (M(K)) as before, Z 2 — > 1? is the isomorphism of fundamental 
groups induced by T 2 <—> T 2 x {1} C T 2 x I, itk — > nc is induced by the inclusion of Ek 
into Eq, and ttj — )• 7rj is induced by £j *-)■ i£j x {1} c £7 x /. The dotted arrow from 
P to 7TAT may not be surjective but the composition of dotted arrows from P to G *z G 
and G are epimorphisms, as noted in Definition 15.1.21 In this way we have both G and 
G *z G-coefficient systems for T 2 , T 2 x I, Ej, Ej x I, E K , E c , M(K), and N. We obtain 
a G *i G-coefficient system for M via the inclusion of G into one of the two copies of itself 
in G *■£ G, depending on the context. We denote both epimorphisms itn — > G *zG and 
ir N -)■ G by -y N . 

Theorem 5.1.6. If K and L are concordant knots and G is PTFA then p n (M(K)) = 
p n (M(L)) for all n, regarded as spaces over G or G *z G. 

Proof. Let C be a concordance from K to L and let Px = 7Ti {M{K)) and Pl = m (M(L)). 
Take N as in Definition 15.1.41 and let 7]^ : tin — > ^7^ be the canonical epimorphism. 



Our goal is to conclude that 



p(n) 



7JV 



p n (M(K)) - p n (Af (L)) = <t< 2 ) (iV, 7 ]^) - <r(JV) = 0. 

By Theorem l4. 0.121 (4) and (5) of Theorem l4. 0.131 and Lemma f3.2.8[ to get the first equality 
it is enough to show that (jk)* and (jl)*, the homomorphisms induced by the inclusions 
of M(K) and M(L) into N, respectively, are in tt G ' for G' = G, G * z G. We do this now: 
First note that M(K), M(L), and N are finite CW-complexes, hence their fundamental 
groups are finitely presented. Also, T , yp K , Tjp L , and T'Jn are finitely normally generated 
by Lemma [6.0.291 because 7at is surjective, r yp K and 7p l are surjective when G' = G, and 
when G' = G*zG the images of 7p a , and jp L are the two copies of G in the amalgamation. 
By the commutativity of the diagram in Remark 15. 1.5|. to see that (jk)* induces a normal 
surjection T , yp K —t Tjn it is enough to show that the homomorphism induced by the 
inclusion 1 : Ek — > Ec induces a normal surjection Tjk — > Tjc- This however follows from 
the fact that these groups are normally generated by px and l*{pk)i respectively. Similarly, 
(jl)* induces a normal surjection Tjp L — > Tjn- We still need to show that (Jk)* and (jl)* 



TWISTED HOMOLOGY COBORDISM INVARIANTS OF KNOTS IN ASPHERICAL MANIFOLDS 15 



induce isomorphisms on H\ (— ;Z[G']) and epimorphisms on Hi ( — ;Z[G']) for G' equal to 
G *z G and G. Mayer- Vietoris sequence arguments shows that the inclusions Ek ^-> Ec 
and El =->■ Ec induce isomorphisms on Hi (— ; Z[G *z G]), iTj (— ; Z[G]), and Hi(— ; Z) for all 
i > 0. Applying the Five Lemma to the following commutative diagram of Mayer- Vietoris 
sequences 



Hi 1* 



\G'} 



i^(T 2 x/;Z[G']) 



H i (E K ;Z[G']) 

e 

Hi(Ej;Z[G']) 



fl i (£? c ;Z[G / ]) 
Hi(EjxI;Z[G']) 



+ Hi(M(K);Z[G']) 



+ H i „ 1 (T 2 ;Z[G'} 



>Hi(N;Z[G']) 

H_ l (E K -'L[G'}) 

e 

ifi_i(£?j;Z[G']) 



— *- e 

if«-i(EjxI;Z[G']) 

where G' is G *z G, G, or {0}, we see that the inclusion jx '■ M(K) ^ N induces an 
isomorphism on Hi (— ;Z[G']) for all i > 0. This similarly holds for jl '■ M(L) <—t N. Note 
that for G' = {0} this implies cr(N) = 0. Thus, we have shown that (jk)* and (jl)* are i n 
n G ' for G 1 = G,G *z G. 

For the second equality, that a^ 2 '(N^ N ) — <j(N) = 0, we observed at the end of the 
previous paragraph that a(N) = 0. We therefore only need to show that a^ 2 '(N, j N ) = 0. 

As noted above, H (N, M(K); Z) = for all i > 0. Also, ^ is PTFA by Lemma EXDJ 



^Hi^(T 2 x/;Z[G'] 



It follows from [5] (Proposition 2.10) that 

Hi(N,M(K);K 



p(n) 



IN 



TT N 







for all i > 0, where /C 



TT N 



respect to all non-zero elements. As U 



rw 77v 

is the classical right ring of quotients of 
is a flat K, 



TTN 



7T N 



p(n) 



IN 



7T N 



p(n) 



IN 



T( n )j N 
module, 



with 



Hi[N,M(K);U 



7T N 



Yin) 



IN 



0. 



Hence, a^(N,-f N ) = 0. 



□ 



5.2. Constructing and distinguishing characteristic knots. We now construct ex- 
amples of J-characteristic knots that are distinguished, up to concordance, by their p- 
invariants. To achieve this we follow the general construction of Harvey in [ID], replacing 
the Harvey series with the rational G-local derived series. We assume as always that the 
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manifold M has PTFA fundamental group. We continue to work in the smooth category. 

Let K be a knot in M, let r\ C Ek be an embedded curve that bounds an embedded disk 
in M, and let N(rj) be a regular neighborhood of rj in the interior of Ek- Let L be a knot 
in S* 3 . Then 

(M-iV(^))U-(5 3 -iV(L)), 

where /i£ ~ A" 1 and Al ~ //,,, is diffeomorphic to M via a diffeomorphism that is the identity 
outside a regular neighborhood of the disk bounded by rj. In particular, this diffeomorphism 
induces the identity homomorphism on G. 

Definition 5.2.1. Define K(rj, L) to be the image of K in (M - JVfa)) U - (S" 3 - JV(L)) = 
M. That is, the image of K under the inclusion 

K^fM- N(rj) M- (M - iV(r/)) U - (S 3 - JV(L)) . 

Denote J-surgery on K(rj,L) by M(K,rj,L), so, as in Definition 15.1.11 

M(K,r/,L)= J B xfeL) U T 2-S J . 

Definition 5.2.2. Define Q = iri(M(K,rj,L)) and let "Jq : Q — > G be the epimorphism to 
G *z G or G, as in Definition 15.1.21 

Remark 5.2.3. 

(i) The knot K(r], L) is obtained in M by grasping all the strands of K that pass 
through the disk bounded by rj and tying them in the (untwisted) knot L, and is 
therefore homotopic to K. 

(ii) The exterior of K(r],L) is E K{%V) = (E K - N(rj)) U - (S 3 - N(L)). 

Definition 5.2.4. For future use we define 

Z L := (S 3 - N{L)) U -ST 

to be the usual 0-surgery on L in S 3 . 

Following Harvey in [10J, construct a cobordism C between M{K) and M(K,rj,L) 
as follows: let If be a compact, oriented 4-manifold with dW = Zl, a(W) = 0, and 
7Ti(W) = Z generated by t*(/iz,), where i : Zl ^-> W is inclusion of the boundary. Note that 
H 2 (vri(VF)) = H 2 (Z) = 0, so H 2 (W) = image{vr 2 (VF) -^ tf 2 (W0} by Hopf's Theorem. 

Definition 5.2.5. Define C by 

C := (M(K) x /) U -W, 

where N(L) C W is glued to iV(?7) x {1} c M(K) x {1} by A L ~ fi v x {1} and /x L ~ A^ 1 x {1}. 

Remark 5.2.6. We constructed C so that 

dC = -M(K) ]J M(K, 7], L), 

making C a cobordism between M{K) and M(K,rj,L). The group 7Ti(C) is a pushout 
and there are uniquely defined epimorphisms from tt\{C) to G *% G and G satisfying the 
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following diagram, 




where P = m (M(K)) = vn (M{K) x J), the Z on the upper-left is wi (N(rj)), and the 
Z on the upper-right is tt\{W). Note that the homomorphisms induced by the inclusions 
dN{rf) '—} A/"(?7) and Zl < —t W induce the trivial G and G*z G-coefficient systems on dN(rj) 
and Zl, respectively. 

Definition 5.2.7. Define E = 7Ti(C) and define 7^ : E — > G *% G or G to be the epimor- 
phisms in Remark 15.2.61 

Definition 5.2.8. Define i and j to be the inclusions of M(K) and M(K,r),L) into <9C, 
respectively. 

Remark 5.2.9. The homomorphisms induced by i and j on fundamental groups, respectively 
U '■ P = TTi (M(iiT)) — )> -E and j* : Q = 7Ti (M(K,n,L)) -} E, make the following diagram 
commute: 




Remark 5.2.10. Harvey showed in [10J that 

(1) i* : 7Ti(iW(-K")) — > 7Ti(C) is an isomorphism (Lemma 5.4), 

(2) j* : tti(M(K,t],L)) — >■ vri(C) is an epimorphism (Lemma 5.5), and 

(3) j* : tti(M(K,7],L)) — > 7Ti(C) induces an isomorphism on H\{— ;Z) and an epimor- 
phism on H2(—;1^) (Lemma 5.6). 

Lemma 5.2.11. TTie epimorphism j* : iri(M(K, 77, L)) — > 7Ti(C) induces an isomorphism 
on H\{— ; Z[G"]) and an epimorphism on i?2( — ; Z[G"]) /or G' = G and G *%G. 

Proof. Recall that £ = vri(C), P = tti (M(K)), and Q = tti (M(#, 77, £)). Let P = 
TTi (M(iT) - AT(r7)) and let p : M(,Fs:) - N(r)) >-> M(K) and q : M(K) - N(rj) •->■ M(K, 77, L) 
be the inclusions. We first show that j* induces an isomorphism on H\{— ;Z[G']), and we 
note that this part of the proof essentially follows the proof of Lemma 5.6 of [10 1 . As was 
noted in Remarks 15.2.101 and 15.2.91 j induces an epimorphism on fundamental groups such 
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that 7£ o j* = 7q . Hence 

H t (Q;Z[G']) - -^ -^ -^ * ^ (£;Z[G']) 

J-27Q 127E 

is an epimorphism. To see that j* is injective, consider the following commutative diagram: 

Hx (M(K) - N(rj); Z[G f ]) -^* Hx (M(if);Z[G']) 
q* 

H x (M{K, 77, L);Z[G']) ^— ^ Hi (G; Z[G']) 

In the Mayer- Vietoris sequence 

H^MW-N^ZiG'}) 
H ! (dN(ri) ;Z[G']) -.Hi (M(1T, 77, L);Z[G']) 

#i(,S 3 -iV(L);Z[G']) 



tf (aWfa); Z[G']) 



ff (MW-iV(r,);Z[G']) 

e 

fToC^-iV^jZlG']) 



the homomorphism Hi (dN(rj); Z[G']) — > Uj (<S 3 — N(L); Z[G']) is an epimorphism for i = 1 
and an isomorphism for i = 0. Hence, g* is surjective. Also, p* in the above diagram is 
surjective because p induces an epimorphism on fundamental groups over G' . Suppose that 
x e Hx (M(K,r],L);Z[G']) and that j»(x) = e. There is an x G Hx (M(K) - N(rj);Z[G']) 
such that q*{x) = x. As i* oj? # (x) = j*og^(£) = e and z* is an isomorphism, x is in the kernel 
of p*. The kernel of p* : f? — > P is normally generated by /j^, and /j^ G ^Jr- It follows that 
x is a product of conjugates of /j,^. Since q*(fJ- v ) = Al = e in i?i (M(K, 77, L); Z[G']), x is 
trivial. It follows that j* induces an isomorphism on Hx{— ;Z[G']). 

We still need to show that j* induces an epimorphism on H 2 (—; Z[G']). We have 

H 2 (M(K); Z[G']) - # 2 (P; Z[G']) -^- # 2 (£; Z[G']) 

where the first homomorphism is surjective by Hopf 's Theorem and the second is an isomor- 
phism by Remarks [SXTD] and \57ZM We will show that H 2 {M{K); Z[G']) = 0, implying that 
H 2 (E;Z[G']) = and, hence, that j* induces an epimorphism on H2{— ;Z[G']). Consider 
the following Mayer- Vietoris sequence associated to M(K): 

H 2 (E K ;Z[G'}) Hx(E K -Z[G'}) 

© ^H 2 (M(K))Z[G'}) Hx{T 2 -Z[G'\) © 

H 2 (Ej;Z[G'}) " Hx(Ej;Z[G'}) 

When G' = G it follows from Proposition EMI that H 2 (E K ; Z[G]) = fliCEj; Z[G]) = and 
Hx(T 2 ;Z[G}) -> fi'i(^;Z[G])efl'i( J Bj;Z[G]) is injective. If G' = G* Z G then the coefficient 
systems on E 1 ^ and Ii7j have the left and right copies of G in the amalgamation G*zG as their 
respective images. Hence, we still have that H 2 {Ek',Z[G *z G]) = H 2 {Ej;Z[G *z G\) = 
and 

Hx {T 2 ;Z[G * z G]) -* ^ (£*-; Z[G * z G]) fli (£,; Z[G * z G]) 

is injective. It follows that H 2 (M(K);Z[G']) = when G' = G and G *z G, as desired. □ 
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Lemma 5.2.12. i* : tt\{M{K)) — > tt\{C) and j* : 7Ti (M(K, r], L) — > tt\{C) are in G and 

Proof. Let G' denote G or G * z G. Recall that E = vri(G), P = m (M(K)), and Q = 
7Ti (M(K, n, L)). Since M(K), M(K, rj, L), and C are finite CW-complexes, P, Q, and P are 
finitely presented groups. Both i* and j* are surjective morphisms in Q G by Remarks 15.2. 101 
and 15.2.91 and therefore induce epimorphisms Tjp — > Tje and T^q — )• r7£ , respectively. 
Also, they induce isomorphisms on H\{— ;Z[G']) and epimorphisms on H2{— ;Z[G']) by 
Remark 15.2.101 and Lemma I5.2.1H respectively. We therefore only need to show that the 
kernels of 7p, jq, and 7# are finitely normally generated in P, Q, and E, respectively, but 
this follows from Lemma 16.0.291 □ 

Definition 5.2.13. Recall that E = 7Ti(G). Define 

r : 7ri(Zr) -»• P 

to be the homomorphism induced by inclusion of 2x into G and define 

n : 7Tl(Z L ) 



to be the composition of r with the epimorphism E 



r« 7 £ 

E 



r»7 E ' 



The following lemma is our analogue of Lemma 5.7 in [TO] and the proof is almost 
identical. 

Lemma 5.2.14. Suppose that rj G T^-yp and rj ^ r( n+1 )7p ; where P = ni(M(K)) as 
always. Then 

{e} if < i < n, and 



Image{n). , ,_ ?/ - = n + 1 

Proof. Recall that P = 7ri(M(PT)), E = tti(C), and that i* : P — > P is induced by inclusion 
of M(K) into G. It is well known that wi(Zl) is normally generated by the meridian [i^. In 
E, T{fi L ) is identified with A" 1 X {1}. As A,, G T^-y P and i* (T^jp) C T^j e by Lemma 
mm r (tti(Z l )) C rW 7B . Hence, r 4 (tti(Z l )) = {0} for i < n. 

We still need to show that the image of r n +i is Z. By Lemma 13.2.81 and Lemma 15.2.121 
i* induces a monomorphism 

T- P P 



' rw 7P rw 7 £ 

for all i. Moreover, 

r([7ri(^),7ri(Z£)]) C [T^ lE ^ n h E ] C r^+V, 

so the homomorphism r ra+ i : tti(Zl) — )• , . — factors through 



r(™+ 1 ) 7S [7ri(Z L ),7ri(Z L )] " - 

As above, t(/j,l) = X^. 1 x {1} in P. We chose rj ^ r^ n+1 ^7p, so r n+ i (//£,) G , , — is 

rv"' +i ^7£; 

nontrivial. Because , , — is torsion-free by construction, it follows that Image (r n +i) = 

-^ JE 

Z. D 
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Lemma 5.2.15. 

i 7 \ _ J if 0<i<n 

P[ZL ' Tt) -\ J sl a w (L)du if i = n+l ' 

where cr w (L) is the Levine- Tristram signature of L at uj £ S 1 . 

Proof. If < i < n then the image of r% is trivial by Lemma l5.2.14l Hence, p (Zi,Ti) = by 
(2) of Theorem l4,0.13l The image of r„ + i is Z by Lemma r5,2.144 so p (Zi,Ti) = J s i a UJ (L)duj 
by Lemma 5.3 of [6]. D 

The following theorem is our analogue of Theorem 5.8 in |1L)| and, again, our proof is 
almost identical to the one presented there. 

Theorem 5.2.16. Suppose that rj G T^j P and -n <£ T^ n+1 ^ P , where P = tvx(M(K)) as 
always. Then for G' = G and G *z G, 

1-MTtTS T\\ 1-MTlTSW ( */ < % < Tl, dTld 

Pi (M(K, v ,L))- Pi (M(K)) = { fsiaUL)dw J if i = n + 1 ; 

Proof. We will create a space Cy from C such that 

dC v = -M(K) \\ M(K, n, L) \\ -Z L 

and all H2(Cy), with relevant coefficients, comes from the boundary. 

Let V be a neighborhood of Zl = dW in W homeomorphic to Z p x / and define 



C v -=C-(W -V). 

Then dCy = —M(K) TJ M(K, n, L) TJ — Zl as desired, and the inclusion of Cy into C in- 
duces an epimorphism on fundamental groups. Recall that P = m(M(K)), Q = iri(M(K, 77, L)), 
and E = tt\(C). Recall also that for A = P,Q,E, 7 a factors through the canonical epi- 

A — P E — Q 
morphism ~f\ : A — > —-. — . The homomorphisms i* : —tt. > —t- s and 7* : —7^ > 

,A r« 7A r« 7P rM 7B r« 7Q 

e 

are injective for all i > by Lemmas 13.2.81 and 15.2.121 By (4) of Theorem 14.0.131 



r« 7E 

p(M(K),r*o 1 i P )=p i (M(K)) 

and 

p(M(K,r,,L),%o 1 i l )=p i (M(K,r,,L)) 

for all* > 0. Also, 

( . _ f if 0<Kn 

p{ L,n) -\ Jgta^du if i = n + l 

E 
by Lemma f5. 2. 151 If j v : TT\(Cy) — > — ttt — is the composition 

TWje 
TTi(Cy) ^E 



r« 7B ' 

where the first homomorphism is induced by the inclusion of Cy into C, then, by Theorem 

Pi (M(K, 77, L)) - ft (Af (#)) = cj( 2 ) (C y , f v ) - a (Cy) 
for i < n and 

p n+ i (M(K, 77, L)) - Pn+1 (M(K)) - [ a u {L)dw = a {2) {Cy, 7y +1 ) - a (Cy) . 

Js 1 
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For the sake of the following argument we make the convention that r' ^te = E, so 

E 



iv 1 :7r i(CV) 



{0} 



the trivial homomorphism. We now show that a^ 2 ' (Cy,7y) = for all % > — 1 (when 



H 2 [dC v ;\ 



H 2 ( Cy;! 



r« 



is 

i = — 1 this shows that <r (Cy) = 0) by showing that 

E 

.r«7E 

is surjective for z > — 1. Decomposing Cy as 

Cy = (M(if ) X /) J (^ X J ) 
N(v)x{l} 

gives the following Mayer- Vietoris sequence: 

E 



E 



IE 



H; 



(M(K) 



xh 






H 2 [Z L xI-\ 



r« 7E 



-H 2 [C V ; 



r(0 



7s 



ffi %);Z 



£ 



rw 



7S 



£ 



r(0 



7s 



ill ( Af (if) x I 

Hi (z L x / 



r- 7/ 


J5 




e 

;Z 




[r» 7£ J 


r« 7B . 





£ 



If z < n then 7r 1 (A r (?])), which is generated by A„, maps trivially to — — — . Also, the image 



r(») 



E 



7S 



of tti(Ze) is trivial in — r- — for i < n by Lemma [5.2.141 As /i£ is identified with A„ 1 x {1} 

rW7s 
in Cy, 



ffi^);Z 



£ 



r(0 



7S J 



-tHilZLXl; . 



£ 



r(0 



is an isomorphism. It follows that 

E 



H 2 M{K) x /; ! 



r(0 



IE 



H 2 \Z L xI-. 



E 



r(0 



7s 



7s 



i?2 Cy;- 



£ 



r(0 



7s 



£ 



is surjective for —1 < i < n. For i = n + 1, the image of ir\(N{rj)) in — rr — is Z. Hence, 



ffi iVfa);: 



£ 



r« 7£ 



r« 7£ 



and 



H 2 (m(K) x /; 



H 2 [Z L yiI;\ 



E 



r(«+i) 7£; 

J(n+1) 7E 



^iJ 2 Cy;Z 



E 



_ T {n+l) lE _ 
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is surjective. This shows that H2 I dCy; Z 



E 



H2 I Cy ; Z 



£ 



r(*) 



IE 



is surjective, 



r«) 7J5 . 

as desired. It now follows from (1) of Theorem 14.0.131 that a^ 2 > (Cy,j v ) = o (Cy) = for 
< i < n + 1. D 

The following theorem is analogous to Theorem 5.11 in [ID]. However, our objective is to 
construct a family of knots, whereas the objective in |10] is to obtain a family of 3-manifolds. 

Theorem 5.2.17. Let G' be G or G *i G. Let K be a knot and suppose that n E V^jk — 
r , ( n + 1 )^ R - bounds an embedded disk in M. Then there is a countably infinite subset of knots 
{K € } homotopic to K in M such that pi(M(K e )) = pi(M(K)) for i < n and all e, and 
{Pn+i(M(K e ))} is a dense subset o/R. 

Proof. In m Cha and Livingston show that there is a family of knots L e in S 3 such that 
J s i ^^{L^duj is a dense subset of (—2, 2). The Levine- Tristram signature is additive under 
connect sum of knots, so connect-summing these gives rise to a family of knots, which we 
will also call L t , such that f sl a u {L e )du is a dense subset of M. It was observed in Remark 
15.2.31 that the knot K e = K{rj,L e ) is homotopic to K. Hence, the result now follows by 
applying Theorem 15.2.161 to the family of knots K e in M. □ 

For the next theorem, recall that a knot K is J -characteristic if there is a continuous 
map a : M -)• M such that a(K) = J and a(M - K) C M - J. 

Theorem 5.2.18. Let G' be G or G *zG and suppose that r\ G T^jj — r( ra+1 )7j bounds 



an embedded disk in M. There are knots K e as in Theorem 5.2.17 such that 

(i) Each K e is J -characteristic, 

(ii) For each K t , pi(M(K e )) = pi(M(J)) for i < n, and 
(hi) {p n+ i(M(K e ))} is a dense subset o/K. 

Proof. Let {L e } be a family of knots in 5 3 whose Levine- Tristram signatures form a dense 
subset of M, as in the proof of Theorem 15.2. 171 an d define K e = J(r), L e ). Then (ii) and (iii) 
follow from Theorem 15.2.171 For (i) we must construct for each e a map a e : M — >■ M such 
that a e (J(r],L e )) = J and a e (M - J(r],L e )) CM - J. Recall that 

Ej {v , Lt ) = (Ej - N(r,)) U - {S 3 - N(L e )) , 

where pi e ~ A" 1 and Al e ~ p v . The abelianization homomorphism tt\ (S" 3 — N(L e )*j — > Z 
induces a map 

a" :S 3 -N{L e ) -> S 3 - N(U), 
where U is the unknot in S 3 , that restricts to a homeomorphism of the boundaries with 
a e (/xl 6 ) = pu . We may extend a e to a map 

a' e : E J{vM ^Ej = (Ej - N(r,)) U - {S 3 - N(U)) 

by defining a e to be the identity on Ej — N{rf). Finally, as a e maps dEji v ^\ homeomor- 

phically to dEj with a e (pj( v ^^) = p,j, we may extend a e to a map 

a e : M -)■ M 

by identifying the first M with Ejt^^^ U ST and the second M with Ej U ST, and where 
the first solid torus is attached along dEj^ L ^ so that Pj( v ,l € ) bounds a disk and the 
second solid torus is attached along dEj so that pj bounds a disk. In M, the core of 
the solid torus attached to Ej^ v ^ L ^ is J{r],L e ) and the core of the solid torus attached to 
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Ej is J. Because a e [Ej/^aJ = Ej, we can isotope a e so that a e (J(rj,L e )) = J and 
a t (M — J(r],L e )) C M — J. Hence, each K e = J(n,L e ) is J-characteristic. □ 

6. Construction of the G-localization 

We now construct the localization (E,p) from Theorem 13. 2. 41 The construction presented 
here follows Levine's construction of algebraic closure of groups [TTJ and may be known to 
some experts although, to our knowledge, has not appeared in the literature. We note 
that K. Orr and J. C. Cha use the existence of this localization in a forthcoming paper [2], 
although they do not include a construction. 

Definition 6.0.19. A system of equations over 7 a : A — > G is a finite collection of equations 

{xi = Wi{xi,...,x n )Yl =1 
where Wi € Ker {^4 * F(x\, ■ ■ ■ ,x n ) — > G * F(x\, . . . ,x n )}. 

A solution to the system is a set {gi}^ = i C A such that setting X{ = gi gives a true 
equation in A. If {<?i}" =1 is a solution then g^ € T^a and giW~ is in the kernel of the 
homomorphism 

A*F(x 1 ,...,x n ) -> A 
that maps 

x i |— ^ g% 

for i = 1, . . . ,n. 

Definition 6.0.20. 7x is algebraically closed, written jx £ ACq, if every system of equa- 
tions over jx has a unique solution in X. An algebraic closure of ja is a morphism 'ja —> 1a 
in Q G with 7^ G j4Cg satisfying the universal property that if / : 7a — > 7x with 7^ G j4Cg 
then there is a unique morphism / : 7^ — >• 7x making the following diagram commute: 



A *-A 





X 



Definition 6.0.21. A li-perfect subgroup of 7,4 is a normal subgroup N oi A such that 

(i) [iV,r7A] = N (recall, Tf A = Ker{7 A }) and 
(ii) N is finitely normally generated in A. 
Note that if N is II-perfect then N < Y^ A . 

Theorem 6.0.22. If ix € ACq and N is a li-perfect subgroup of jx then N = {e}. 

Proof. Choose a finite normal generating set {gi, . . . g n } for N. Since N = [N, T'jx] we may 
write 

9i = m(gi,---9n) ■= najfefefcA^ajfe 1 

k 
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where a^ € X, b k £ Tjx, and the product is finite. Replace gi with x\ to get words 

X{ — Wi\X\, . . . X n J 

in Ker {X * F(xi, ■ ■ ■ x n ) — > G * F(x\, . . . , x n )}. There is a unique solution to the system 
of equations {xj = Wi}f =1 because 7x € ACq. Both {xj = e}™ =1 and {xj = <?i}f =1 are 
solutions, so gi = e for alH. □ 



Theorem 6.0.23. There exists a nontrivial U-perfect subgroup N of ja if and only if there 
exists a system of equations 

{Xi = Wi}f =1 

over "fA with more than one solution. 

Proof. Suppose that N is a nontrivial Il-perfect subgroup and let {gi}™ =1 be a normal 
generating set for N. As in the proof of Theorem 16.0.221 gi € [N, T'ja] and so we may write 



9i = Wi(gi,...g n ) := Y\_a k [gj k , b^a 



±,,-i 

k 
k 



where a k € A, bj- € T^a-, and the product is finite. Replace gi with Xj to get a system of 
equations 

{xi =w i {x 1 ,...x n )Yl =l 
over 7^4 with distinct solution sets {x, = e}™ =1 and {xj = <7i}f =1 . 

For the other half of the statement, suppose that 

{xi =w i (x 1 ,...x n )} 7 l =1 

is a system of equations over 7^4 with distinct solution sets {xj = <?i}™ =1 and {xj = /i«}" =1 . 
Substitute x» = yihi into these equations to obtain 

{yi = Wi(yihi, ■ ■ ■ y n h n )hj l =: Wi(yi, . . . y n )}" =1 • 

Since hi € r%4, 

Wi G Ker{A*F(yi,...y n ) -» G*F(y u ... ,y n )} 

for all z. We therefore have a new system of equations over ja with distinct solution sets 
{Vi = e}"=i and {y t = ^/i^KU- 

Let N = (gih± , . . . , g^/i" 1 ), so iV is finitely normally generated in A and nontrivial. It 
will be shown that N = [iV, 1^7^]. Each Wi, having {yi = e}" =1 as a solution set, is an 
element of Ker {^4 * F(yi, . . . y n ) —> A} and may therefore be written as a finite product 



k 



n&Cflr 1 
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where /?& G A and n k G Z. We have 

Wi{yi,... y n ) = JJ hy^Pk 1 

k 



^^■■■vZ:)^vT^Vn---vT k :ir l )\{ 



ni. 



Moreover, \\ k y™ k = e and each f3 k G IT^ because 



u>i G Ker{^*F(yi,...y„) -)■ G * F{y x , . . . ,y n )} . 
Substituting gih~ in for yi we see that gi\\ G [Fja,N]. D 



Proposition 6.0.24. If N±,. . . ,N n are Tl-perfect subgroup of ^a then so is 

N = (7ViU---UiV n ). 

Proof. It is clear that [N, T^a] C iV. To see the other inclusion, consider an element h G iV. 
We may write 

where at G A, n k € Nj for some j dependent on k, and the product is finite. As Nj is 
Il-perfect we may write 

n k = YlhA m k l ,9k l ] ± b ki l 

i 

where b ki G A, m ki G Nj, g ki G T^a, and the product is finite. Hence, we have 

h = [[a k nka k l 

1±L-1 \ -i 



]J a M II bk i ^ ' Bki^b^ J a k 



fc \ i 



and it follows that h G [iV, T7^] . Since N is finitely normally generated in A by the union 
of the finite normal generating sets of 7V~i, . . . , N n , N is Il-perfect. D 



Let S be the set of all systems of equations over 7^4. Construct A by adjoining F(x", . . . ,x c r 
to A for all systems a G S and adding relations xf = wf. That is, define 



A*(* a F(x?,...,x%J) 
((xf)"i<|«G5) 
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Note that A admits an epimorphism 

1A :A »G 

defined by 

7^ (a) = 7a(o) for a G A 

< 

7 A ( x f ) = e ^ or au x ? 

Let / < A be the normal subgroup generated by the union of all II-perfect subgroups of 

A 
A. Every II-perfect subgroup is contained in r7^, so I < T7^. Define A = — . Since / is 

contained in Tj^, 7^ determines an epimorphism 

j A :A^G. 
It will be shown that 7^ is the algebraic closure of 7^4. First we need some lemmas. 



Lemma 6.0.25. 7^ has no nontrivial II-perfect subgroups. 

Proof. Suppose that N = (gi, . . . ,g n ) = [N,Tj A ] is a II-perfect subgroup. Write gi as a 
finite product 

9i = Y\_a k [g jk ,h k ] ± a^ 1 

k 

with a k G A and h k G ^7^. Lift a k , hk, and each gj to S&, %, and gj in ^4, respectively, to 
obtain an equation 



§i = (n^fefc'^]^ 1 ) ^' 



for some fji G I. Note that, by the construction of A, h k G T7^. We may write fji as a finite 
product of elements of I, each of which is contained in a II-perfect subgroup. The union of 
these II-perfect subgroups together with the normal subgroup generated by {g±, . . . ,g n } is 
contained in a II-perfect subgroup by Proposition 16.0.241 Hence, g$ = e in A. □ 



Lemma 6.0.26. 7^ is algebraically closed. 

Proof. Let {y k = w k (yi,... y n )}t=i with 

w k G Ker ji*F(j/i,...,y n ) -> G * F(yi, . . . ,y n )j 

be a system of equations over 71. We first show that this system has a solution, and then 
that it is unique. Each w k contains only a finite number of elements 01, . . . a Sk G A. Lift hi 
to 5j G A Each aj is a finite product of elements in A and elements {xi}, and each Xj is 

contained in the solution set to some system of equations {x r J = v r 3 } over A. Combining 
all these systems of equations, we get a finite system of equations 

Wz=i 
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over A that contains in its solution set all the elements of A that appear in Si, ... , a Sk , for 
k = 1, . . . , n, and are not in A. We now form a new, even larger system of equations 

Vk = w k (yi,... ,y n ,x 1 ,...,x m ) 
Xl =vi(xi,...,x m ) 

with 

w k ,vi G Kev {A* F(y 1: . . . ,y n ,xi, . . . ,x m ) ->■ G*F(y 1 ,... ,y n ,x±, . . . ,x m )} . 

Every system of equations over 7^4 has a solution in A, and therefore in A. Moreover, 
the solution to {wk,vi}k,i is unique by Theorem 16.0.231 since, by Lemma [6.0.251 7^ has no 
nontrivial Li-perfect subgroups. □ 



Lemma 6.0.27. If f : 74 — > 7x and jx is algebraically closed then there exists a unique 
morphism f : 7^ — > ^x making the following diagram commute. 




Proof. We begin by showing existence. Let / : 7a — > 7x with 7x algebraically closed and 
let {xi = Wi}™ =1 be a system of equations over 7^4. / extends to a homomorphism 

/' : A * F(xi, ...,x n ) *- X * F(xi, ...,x n ) 

over G (where, in both cases, Xi 1— > e in G), and {xi = f'{wi)}™ =l is a system of equations 
over X. As 7x is algebraically closed, there is a solution {xi = <?i}™ =1 in X to this system. 
/ therefore extends to 

A* F(x 1 ,...,x n ) ^ X 

by sending Xi 1— > gi. In this way we see that / extends to a homomorphism 

f:A -X 

over G. To see that I is contained in the kernel of /, suppose that iV is a LT-perfect sub- 
group of 7^ and let {hi} 1 £ =1 be a normal generating set for N . We showed in the proof 
of Theorem 16.0.231 that there is a system of equations {xi = u^}^ over 7^ with distinct 
solutions {xi = e\YL\ an d {xi = foj}™-^ This gives rise to a system of equations over jx, 
{xi = f{wi)}™=i-> with solutions {xj = e}™ 1 and {xi = f(hi)}^l 1 . Since jx is algebraically 
closed, f(hi) = e for all i, implying that ./V is in the kernel of /. It follows that /, the 
normal subgroup of A generated by the union of all LT-perfect subgroups of 7^, is in the 
kernel of /. Hence, / factors through a homomorphism / : A — > X over G. 
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We now show that / is unique. Suppose that p and q are two homomorphisms making 
the following diagram commute: 

A *A 

v / 

/ 9 

X 

We know that p and q agree on A, so consider x £ A, where x = Xj in some system of 
equations {xi = Wi}™ =1 over 7^4. Extend / to 

/' : A*F(x 1 ,...,x n ) ->■ X*F(xi,...,x n ). 

Then {xi = f'(wi)}f =1 is a system of equations over "yx with solutions {xi = p(xj)}" =1 and 
{xi = q(xi)}^ =1 . As 7x is algebraically closed, p{xi) = q(xi) for all i and, in particular, 
p(x) = q(x). D 



Theorem 6.0.28. 7^ is the algebraic closure of ja- 

Proof. By Lemma 16.0.261 7 ? is algebraically closed, and by Lemma 16 . . 271 'y 1 is initial. D 



Recall from Definition 13.2.11 that Q G is the class of morphisms in Q G satisfying the 
following properties: 

(1) / : ^a —$ 1b is a morphism with A finitely generated and B finitely presented, 

(2) r7,4 and T'js are finitely normally generated in A and B, respectively, 

(3) / induces a normal surjection r^ — > Tjb, and 

(4) fi : Hi(A;1i[G]) — >■ Hi(B; Z[G]) is an isomorphism for i = \ and an epimorphism for 
i = 2. 

Recall also Definition 13.2.21 An object 7x € Q is Q -local if for any / : 7^ — » 7^ in O 
and for any morphism 7^4 — > jx, there exists a unique morphism g : 7_b — > 7x making the 
following diagram commute: 

A— f -^B 



X 



Lemma 6.0.29. If f : A —> B is an epimorphism of groups with A finitely generated and 
B finitely related then B is finitely presented and Ker{f} is finitely normally generated in 
A. 

Proof. Let pa ■ Fa —> A be an epimorphism from a finitely generated free group onto A 
and let a\,...,a n generate Fa- Let (/3i,i £ I | 77,... r m ) be a presentation for B, with 
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I a possibly infinite index set. If we write / o PAiflx), ..., f o pA(a n ) as words v\, . . . , v n , 
respectively, in the /3j then another presentation for B is 

(ai,... ,a n ,/3i,i El | rx,...r m , a^V,... ja" 1 ^}. 

Since fop a is an epimorphism we may write each /3j as a word in ai, . . . , a n and replace each 
occurrence of /3j in n, . . . r m , a± v\,..., a~ l v n with this word, giving a finite presentation 

(cti,...,a n | r[,...,r , m ,v[,...,v , n ) 

for B. Lift the r' and v\ to words Sj and Wi in i^, respectively. Then the kernel of / °pa 
is normally generated by s 1; . . . , s m , Wi, . . . , w n . Since the following diagram commutes, 

F A f ° PA ~ B 

PA \s, // 

the kernel of / is contained in the image under pa of the kernel of / o pa- That is, 

Ker{/} Cp A (Ker{/o PA }). 
It follows that the kernel of / is finitely normally generated in A. □ 



Theorem 6.0.30. 7x is algebraically closed if and only if it is Q G -local. 

Proof. Suppose that ^x is fi^-local and let {xi = Wi}f =1 be a system of equations over 
jx- Let 01, . . . , a s E X, where ai,...,a r (for r < s) are the finitely-many elements that 
appear in these words and ay.fi, ■ ■ ■ ,a s are chosen such that {7x(ai), ■ ■ ■ ,7x(«s)} generates 
G. Let / : F{y\, . . . , y s ) — Y X by f{yi) = ai and let iLi be a lift of Wi to an equation over 
F(y 1 ,... ,y s ). Then 

IX °f ■ F(y 1 ,...,y s ) -> G 
is an epimorphism, and we can extend it to 

F(y\,...,y s ) *F(xi,...,x n ) _^ 
(xiW~ l \l < i < n) 

by sending each Xi to the identity in G. The following is clearly a pushout diagram in the 
category of groups: 

„, , i F(y 1 ,...,y s )*F(xi,...,x n ) 
F(yi,...,y s ) » — __ h . = <y 



X 



X*F(xi,... ,x n ) 
(xiW^ |1 < i < n) 



A simple Mayer- Vietoris sequence argument together with Lemma [6. (J, 291 show that i € Q. . 
Since jx is r2 G -local, there exists a unique homomorphism Q — > X making the top triangle 
commute. This extends uniquely to a homomorphism P — >■ X by the pushout property of 
P, implying that 7x € ^4 Co 
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Suppose now that X is algebraically closed. Let / : ^a — > 1b be in Qp and let ja 
be a morphism in Q G . We have the following commutative diagram 



lx 




and we want to show that there is a unique map / : B — >■ X making this commute. Let 
b±,...,b n generate B. As ja and 7# are surjective, there are elements ai, . . . a n £ A such 
that bif(a~ ) € Tjb (recall that Tjb = Ker{7#}). If bi = bif(a~ ) then B is generated by 
f(A) U {6j}" =1 because 6j = &j/(eij). Recall that / £ f2 G , so T7b is normally generated in 
B by /(r7^). We may therefore express each bi as a finite product of the form 

k = \\v k f(h k )v~ l 



where v k is a word in f(A)U{bi}f =1 and h k G T7 J 4. Replacing each bj with Xj in this product, 
we obtain an equation in f(A) * F(x±, . . . , x n ). Lifting each v k to v k in A * ^(^l, • • • , a^n), 
we obtain an equation 

Xi = Wi(xi,...,x n ) := Y^VkhkV^ 1 

k 

with Wi e Ker {^4 * F(xi, . . . , x n ) — >■ G * F(xi, . . . , x n )}. Consider the following diagram 




where q(xi) = bi, making q an epimorphism, and / is inclusion. There is a unique solution 
{xi = <7i}f=i in X to the image of {xi = Wi}™ =1 in X * F(x\, . . . ,x n ) because jx € ACq- 

Define p : — — ; - - — > X by p(xi) = g%. To show that p induces a homomorphism 

(x { Wi\i = l,...,n) 

f : B — y X it is enough to show that Ker{g} C Ker{p}. Since /, / £ Q G , q £ Q G as well. 
If N = Ker {q} then TV" is contained in T7p, where P = _ 1 — — ; — - — — -. As (? is an 



epimorphism, it restricts to an epimorphism 

q : T7p -► r7 B , 
and a simple diagram chase shows that 



{x i Wi\i = l,...,n) 







-»-N- 



^ T7p ^ Tj B 



-»-0 
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is a short exact sequence. Examining the associated five-term exact sequence 



H 2 (Tj P ) -^-5- H 2 (Tj B ) 



N 



Hx(N)® rjB 



- #i(r 7P ) — ^ i?i(r 7 



B 



we see that — r = H\(N) <S>r7 B Z = 0. In particular, N is II-perfect. This shows that 

[N,Tjp\ 

p extends to a homomorphism f : B —> X. As in the proof of Lemma |6.0.27| / must be 
unique for otherwise we could find a system of equations over jx with distinct solutions, 
contradiction the algebraic closure of jx ■ D 



Notice that if / : ja ~ > 7b then / induces a homomorphism / : 7^ — > r y B . For, / induces 
a homomorphism / : A — >• B and, as 7^ is algebraically closed, the composition 



A- 



B 



B 



contains I in its kernel. Hence, we obtain / : 7^ — > 7^. 

Definition 6.0.31. Define a functor E : Q — y Q by -B(7a) = 7\- There is a natural 
transformation p : idgc — > E by defining ^(7,4) : 7A ~ ^ 7^4 to be the canonical homomor- 
phism A — > A. The proof of Theorem 13.2.41 now follows from Theorem 16.0.321 below. 



Theorem 6.0.32. If f : 7,4 —► 75 ism G i/ien / induces an isomorphism f : 7^ 
Proof. Consider the following commutative diagram 

/ 



7 B - 



A 



^■B 



PA 



A 



f 



PB 



B 



where pa = p{ia) and pb = p{ib)- By Theorem 16.0.301 there is a unique homomorphism 
g ■ IB — > 7a suc h that 

A— f -+B 



PA 




A 



B 
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commutes. Since B is algebraically closed and / € OP , ps '■ 7b — > 7d is the unique 
homomorphism making 




PB 



commute. 7^ is the algebraic closure of 75, so g factors through a unique homomorphism 
g : 7^ — > 7^, as in the following commutative diagram. 




PB 



Since 

(9of)op A =gofogof = gop B of = gof=p A , 

and since id^ : A — > A is the unique homomorphism such that id^ op A = pa, it follows 
that g ° f = id.. This shows that / is injective. On the other hand, 

(/ ° 9) ° PB = f g = p B 



and, as with id 1, we see that / o g = id p.. This shows that / is surjective 
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